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reference  coor  inates 


Fig. 2. Guidance by use of celesti al reference coordinates when destination is beyond line-of-sight

contact or direct radiation connection.

REF. DUTTON, R. 3., "NAVIGATION AND NAUTIoAI_ ADTRONOMY."

land masses and, at great distances, the Earth's curvature makes it impos-

sible to see either the departure point or the destination. Radiation

connections can be used far beyond the direct-line-of-sight ranges, but

complicated and expensive equipment is required for guidance. In the

past, this equipment did not exist and will certainly never be universally

available. To meet the needs for guidance when line-of-sight and radiation

connections are not possible, auxiliary co-ordinate systems mav be used

for guidance purposes. To be applied for this purpose, the auxiliary co-

ordinate system must have two properties :

It must be accurately related in a known and usable way to some

system of co-ordinates fixed to the Earth.

It must be suitable for practical determinations of present position

in terms of its own co-ordinates.

When these two properties exist, present position is found with respect

to the auxiliary system, which thus serves to provide reference co-ordinates.

With the present position known in the reference space, the known

relationship between the reference space and Earth co-ordinates is applied
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is set parallel to the Earth's axis. This is true because it is only necessary

to supply an accurate sidereal time signal to the drive between the package

and the gimbal, which then causes the gimbal to be rotated so that it

moves with the Earth. The plane of the gimbal then remains parallel to

the plane of some meridian fixed to the actual Earth and acts as the  Earth

reference member  from which the direction of gravity can be measured.

The Earth reference gimbal effectively establishes an Earth co-ordinate

system within the guidance equipment and makes it possible to determine

present positions of the vehicle by comparing the local direction of gravity

with the artificially established Earth co-ordinate system. Various con-

figurations for realizing indications of present position by inertial-guidance

equipment are possible but the basic principles involved in each case are

those just described.

Satisfactory inertial-guidance equipment has special requirements in

that it depends on the practical realization of :

Means for maintaining the orientation with respect to inertial space

of the inertial reference package carried by a moving vehicle within

tolerance limits and over time periods that are compatible with the

requirements of the guidance problem to be solved.

Means for accurately indicating the local direction of gravity within

equipment subjected to the erratic rotations, linear accelerations, and

gravitational components that accompany the operation of a moving

vehicle.

The first of these requirements may be met by a servodriven stabilization

system and gyro units with good performance as far as the ability to hold

orientation with respect to inertial space is concerned. Units with this low-

drift-rate characteristic are of primary importance for inertial equipment.

Reduced to the simplest terms, inertial guidance is a refined form of dead-

reckoning navigation in which good accuracy of present-position indica-

tions depends on reference-package co-ordinates that do not rotate with

respect to celestial space.

The second special inertial system requirement applies particularly to

equipment for use in winged or floating vehicles that ordinarily operate

with gravitational-field effects balanced by externally applied forces. The

instrumental problem to be solved is that of accurately determining the

direction of gravity in the presence of linear accelerations that vary

erratically in direction and magnitude. This is difficult to accomplish in

practice because of the physical fact described by Einstein's principle of

equivalence, which states that, in general, it is impossible to distinguish

body force components due to linear acceleration from body force

components due to gravitational-field effects. In the face of this situation,

satisfactory indications of the local vertical, which by definition is identical

with the direction of gravity, may be achieved by designing the vertical-

indicating sub-system to have the proper dynamic characteristics. The
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nature of these characteristics and their theoretical background were

described by Schuler in a series of articles (' ). His great contributions

to the field of inertial guidance are universally honored by describing

the essential dynamic characteristic of vertical-indicating sub-systems as

Schuler tuning.

The nature of Schuler tuning and the reasons for its use are discussed in

later sections of this paper.

The basic problems of low-drift-rate gyro units and other special

components for inertial guidance systems are described in another

presentation (2 ) by the authors.

GENERAL FEATURES OF AN INERTIAL GUIDANCE SYSTEM

Inertial-system operation depends on the availability of four mechanism

components:

An  inertial reference package,  which provides signals depending on the

deviation of the package from an orientation that is non-rotating with

respect to inertial space.

A  specific force receiving package,  which provides signals depending

on the resultant of gravitational forces and inertia reaction forces due

to the linear acceleration with respect to inertial space that acts on the

package.

A  time signal generator,  which gives an output accurately representing

sidereal time.

An  indicating system,  which (a) shows the change in direction of the

local vertical with respect to a direction related to the point of

departure by the inertial reference package and sidereal time, and

(b) generates guidance information by comparing the angle between

these two directions with a guidance program.

These four components may be combined in a number of different ways

to form inertial guidance systems of various types. Wrigley, Woodbury and

Hovorka (3 ) have described several of the possible systems and have

outlined their basic operating characteristics. The generalized discussion

given by these authors will not be reviewed in detail here, as it is not

necessary for the purpose of this paper which is to call attention to basic

principles rather than to give a comprehensive description of details. This

purpose is served by calling attention to typical problems of sub-system

performance and component behavior in terms of an illustrative system.

MECHANICAL FEATURES OF AN ILLUSTRATIVE


INERTIAL GUIDANCE SYSTEM

Figure 4 is a line schematic diagram showing the essential elements of

the mechanical sub-system for an illustrative inertial guidance system in





536 C. S. DRAPER, W. WRIGLEY and R. B. WOODBURY




INERTIAL REFERENCE





PACKAGE




INDICATED]
VERTICAL
P ACX AGE

[




(in")

(Theo. singImdogrom

CONTROLLED

MEMBER




(In, )




OUTER

of hoodoo,
gyro unos)

(cm) (Two singImeiogrom

o •fromiorn spoctfoo

GIMBAL




forts roomy...)

SUPPORT




SPECIFIC FORCE
(ogs)




RECEIVING PAC ( AGE





(I.Rg)

MIDDLE
GIMBAL
DRIVE
MOTOR
(mgdm)

OUTER

GIMBAL

( og)

MIDDLE

GIMBAL


(Ng)

MIDDLE
GIMBAL

ANGLE
RESOLVERS

(ArgA )




INNER
GIMBAL

Log;

INNER GIMBAL

ANGLE RESOLVER

(igor)

INNER GIMBAL
DRIVE MOTOR

(igdrn)

OUTER GIMBAL

DRIVE MOTOR

logd.)

INDICATED

MECHANICAL VERTICAL

SYSTEM BASE OUTER GIMBAL SUPPORT
(mob) (MN)

NOTES: I. THF BASE MOTION ISOLATION GIMBAL SYSTEM IS MADE UP OF THE OUTER GIMBAL
SUPPORTS, THE OUTER GIMBAL, THE mIDDLE GIMBAL, THE INNER GIMBAL,THE

ASSOCIATED DRIVE mOTORS AND THE ASSOCIATED RESOLVERS.

2. THE ELECTRICAL POWER SUPPLIES, ELECTRONIC UNITS, COMPUTERS, CONNECTIONS,
RACKS AND OTHER COMPONENTS NECESSARY TO COMPLETE AN INERTIAL GUIDANCE
SYSTEm ARE NOT REPRESENTED IN THIS FIGURE.

Fig. 4. Line schematic diagram showing the essential mechanical Illements of an inertial guidance

system based on rotation of the inertial reference package with the indicated vertical.

with respect to a reference orientation of the case. This reference orientation

is non-rotating with respect to inertial space unless it is changed by an
input command signal to the gyro unit. Because of the actions of the
individual gyros, the inertial reference package, with its three units,

produces signals that depend on the orientational deviation of the package
from a reference orientation. These signals represent the correction to the
orientation of the inertial reference package that must be made in order

to move the package into coincidence with its reference orientation. For

this reason, the three signals may be considered as making up the correction

signal* for the controlled member to which the gyro units are attached. The

controlled member correction signal is supplied to the controlled member

drive power control system, and causes this system to give the proper power

to each of the gimbal servo-drive motors for moving the controlled member

so that the inertial reference package orientation hunts close to coincidence
with its reference orientation. Except for causing the inertial reference

package to follow reference-orientation changes, the action of the gyro

* For convenience in generalized discussions, a set of any number of individual

signals that represent information on a single physical quantity may be treated

as a composite and referred to as a single signal.
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the requirements of inertial guidance is generally available (5-10). The

problems associated with such equipment are well known and will not be

discussed here.

The indicated vertical drive signal integrating computer of Fig. 5

produces a signal whose change during any given time interval represents

the change in indicated position with respect to the Earth during the same

interval. This indicated position change signal is the primary input for

the indicated position signal generating system, which also accepts settings

of initial position, initial direction and initial speed. This system combines

the information on indicated position change with information on starting

conditions to produce output signals that continuously represent the

position, direction and speed of the aircraft carrying the guidance system.

The indicated position signal* is one of the inputs to the indicated position

correction generating system, which also receives programmed position,

programmed direction and programmed speed from a source outside of

the system represented by the functional diagram of Fig. 5. This system

compares instantaneous states of the programmed quantities with the

actual states of the same quantities and produces a composite signal

representing the corrections to the actual quantities that are required to

bring them into agreement with their programmed states.

The techniques and components required to realize indicated position

signal generating systems and indicated position correction generating

systems are generally similar to those commonly used in computers and

do not require further attention here.

Figure 5 shows that the output of the inertial guidance system, which

functionally combines the stabilization loop and the vertical indication

loop to form the guidance indicating loop,  is the aircraft position correction

signal. This signal contains the information necessary to change the

direction and speed of the aircraft so as to cause it to approach the pro-

grammed state of these quantities. The aircraft position correction signal

is the primary input for the autopilot that produces the inputs necessary

to operate the orientation control system of the aircraft and to adjust the

power setting of the propulsion system. The flight control system, whose

basic function is to determine the path and speed of the vehicle carrying

the inertial guidance system, is made up of the autopilot and the aircraft

itself. The functional relationships involved in the operation of flight

control systems are discussed by Draper(") who also gives a list of

references on this subject. The outputs of the flight control system are

the position of the aircraft with respect to the Earth and the orientation

of the aircraft with respect to inertial space. These quantities are trans-

ferred to the base of the mechanical system of the guidance system by a

rigid mounting of this base to the structure of the aircraft. This mechanical

* The indicated position signal is a composite signal representing not only

aircraft position but also the vector rate of change of this position.
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connection closes the  guidance loop  formed by the combination of the

aircraft and the inertial guidance system. The essential features of aircraft

and automatic pilots are common knowledge and do not require special

treatment from the standpoint of instrumentation problems. However, it

is important to note that the flight control system must be carefully

engineered and built in order to provide response characteristics of the

high quality necessary if acceptable performance is to be realized from an

inertial guidance system.

GEONAVIGATIONAL FACTORS—SHAPE OF THE

EARTH(12. 13, 14)

According to Newton's law of gravitation, a massive body such as the

Earth can be considered as having associated with it a gravitational field.

The spatial direction of this field at anv given point on the Earth might

serve as a unique identification of the position of that point. However, it

is impossible to distinguish directly between gravitational forces and

inertial forces, such as the centrifugal force due to the Earth's daily

rotation. This is expressed in a basic law of physics, namely the principle

of equivalence in the general theory of relativity, that gravitational mass

and inertial mass are equivalent(")*. The vector resultant of the Earth's

POLAR AXIS w
OF EARTH IE

GEOCENTRIC RADIUS

TO POINT P

°EP

EARTH'S DAILY

SIDEREAL ROTATION

WIE . ....

	

   3 	

	

••••••••••• 


CENTER OF EARTH

CENTRIFUGAL ACCELERATION

WIE (WIE °EP)

/ - (CUE TO EARTH'S DAILY
ROTATION)

GRAVITATIONAL

FIELD INTENSITY


Gp


AT POINT P

GRAVITY


gp

.§P = 4 — WIE ()T4IE °EP)

VERTICAL IS DEFINED AS

DIRECTION OF GRAVITY

Fig. 6. Relationship of factors to produce the vertical.

* Here, gravitational mass is the mass concept inherent in the inverse-square

law of mass attraction, while inertial mass is the mass concept inherent in Newton's

second law, that the net force is given by the product of mass and acceleration.
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gravitational field and the centrifugal force per unit mass due to the Earth's

daily rotation is defined as the Earth's gravity field (see Fig. 6). The spatial

direction of this gravity field is nearly radial and, neglecting anomalies, is

unique at any given point on the Earth. The secular (time) variation in

the direction of the gravity field at a given point, caused mainly by tidal

effects, is less than 0.05 microradian ('2). Thus, for navigational purposes,

the direction of the gravity field is a reliable, unique characteristic of any

given point on the Earth. Furthermore, it is essentially impossible to

interfere with gravity effects.

The Earth itself is also subject to the equivalence of gravitational and

inertial effects. Because of daily rotation, the associated centrifugal force

field causes the Earth to bulge at the equator, producing an ellipsoidal

shape. The figure that a fluid body with the mass distribution and daily

rotation of the Earth would have is defined as the geoid. The surface of the

geoid is represented by mean sea level, and variations in the elevation of

the geoid relative to the closest reference ellipsoid are approximately

of the topographic variations in elevation. The reference ellipsoid, having

an ellipticity* of 1/297, is seen to depart only slightly from a sphere. The

direction of the force of gravity, which is the gradient of the gravity potential

at the surface of the geoid, is defined as the vertical; it is illustrated in Fig. 7.

POL AR

AXIS

NORMAL TO
ELLIPSOID OCEAN BASIN

	 DEFLECTION OF
	 THE VERTICAL

ACTUAL SURFACE

OF EARTH

REFERENCE
ELLIPSOID

GEOID

MOUNTAINS

7.

GRAVITY

(NORMAL TO GEOID)

•  -.7-1

4./.;

EQUATOR

Fig. 7. Relationship of the geoid to a reference ellipsoid.

* Ellipticity is the ratio of the difference between the equatorial radius and the

polar sernidiarneter to the equatorial radius.
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It is indicated most simply by a plumb bob whose base is stationary with

respect to the Earth.

The geoid is not analytically smooth, because of local variations in the

densities of the materials that make up the Earth's crust. This is further

accentuated by the topographic variations in the Earth's surface. Such

deviations are known as gravity anomalies. Because the geoid does not have

an analytically smooth surface, the vertical is not in general parallel to the

normal to the reference ellipsoid at the same position. This angular devia-

tion, called the deflection of the vertical or station error, is generally less than

0.30 milliradian, and over a continental land mass rarely exceeds 040

milliradian. Figure 7 shows the relationship of the geoid to a reference

ellipsoid.

INDICATION OF THE VERTICAL

The direction of the force of gravity, i.e. the vertical, is the basic

physical factor that identifies the local position of any point on the Earth

for inertial guidance systems. The measurement of this direction, the

indication of the vertical, is an essential requirement on any such system.

The vertical is very easily indicated by a simple plumb bob when the

measurement is made from a base that is stationary on the Earth; but on

a moving vehicle the roll, pitch and yaw- of the craft, as well as its linear

acceleration, would cause the plumb bob to depart markedly from the

vertical.

Geocentric Rotation

The early "artificial horizon" technique for indicating the vertical

implied a "flat Earth" model, for measurement purposes. That is, gravity

was assumed to be constant in direction, while accelerations were con-

sidered to be either varying in direction or limited in time duration. Thus
an indicator of the vertical became a mechanical low-pass filter. The

difficulty in constructing a mechanical filter with a time parameter of

several minutes, plus the fact that the flat-earth assumption is not correct,

led to devices of an accuracy of about one-half degree or more during

maneuvers. Isolation from roll, pitch and yaw influences on measure-
ment was considerably better than isolation from vehicle maneuver effects,

due to the fact that the fundamental periods of roll, pitch and yaw are
much shorter than those of the maneuvers of a craft.

Any more precise treatment of the indication of the vertical from

moving bases should use the concept of a geocentrically* rotating vertical.
This was first recognized by Schuler (1) in his classic paper ; the paper by

Wrigley(16) expresses Schuler's thought§ in English. The geocentric-

rotation concept expresses the acceleration of a point ncar the surface of

* Strictly speaking, this rotation is not truly geocentric, since the Earth is not

actually spherical. However, this assumption does not restrict the validity of this

discussion.
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The centrifugal acceleration, parallel to the equatorial plane, due
to the Earth's daily rotation ; this vector is combined with gravitation
to produce gravity (see Fig. 6).

Coriolis acceleration due to coupling of the craft's ground speed
with the Earth's daily rotation ; this must generally be compensated
for.
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Derivation Summary 1. Geocentric accelerations.

Acceleration with respect to inertial spac'e of a point, P, moving over the Earth is expres-

sible in terms of components of

acceleration of P relative to the Earth

acceleration of the Earth relative to inertial space

Since Earth-centered inertial frame I and Earth frame E are concentric, the application of the

law of Coriolis to the inertial acceleration(17,18) [R.E.F,]/ of point P is, in terms of acceleration

relative to the Earth [/?;;]E and the Earth's inertial motion

[R—Epj1 = + IE x kEP) (1-1)

where

ffiE = daily sidereal rotation of the Earth

All terms in the right-hand side are referred to the Earth frame E.

A similar treatment of [R ]E gives

[17 REP) + X REp + 2WEE x [REp JE (1-2)EC  x x DEcie

All terms in the right-hand side are referred to geocentric position frame C.

Substitution of Eq. (1-2) into Eq. (1-1) gives

[R—EP-11 /17IE x (irIE x kEP 2ITIE x (i-EC 1-kP

+ [REpJE +ITEE x (ifEC x REP ) [WECJE x t?EP +  2 (I11E+ ec) [REPic

where
(1-3)

WIE: >< Rep)

217IE x (Ecx Rep)

[RE-piE

fEC (WEC =

daily Earth rotation centripetal acceleration, combined with

gravitation .6 to make gravity g = (7- ifiE X (x REp)

Coriolis acceleration due to coupling of Earth rate ITIEwith

ground speed [REP JEx P ; is to be compensated


radial acceleration; usually negligible

centripetal acceleration due to ground speed; usually

negligible

EWE.Ei E x  REp

2  (f;r1F":4-  /TEC)x [R;PiC

= tangential acceleration due to angular acceleration
[W—EciE


associated with linear acceleration; most important term

Coriolis acceleration due to coupling of Earth rate WOE and

ground speed, assviated with angular velocity with

radial velocity [RE-Pic ; usually negligible

analogous to the Schuler tuning of a pendulum can be realized in a
particular kind of electromechanical closed-loop system. A platform driven
by a space integrator and controlled by signals derived from a short-
period pendulum or accelerometer then becomes an equivalent Schuler
pendulum. This configuration is illustrated in Fig. 4.

35*
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Closed-loop Equivalent Pendulums—Gravity Tracking

A Schuler pendulum can be achieved in practice by making the force-

sensitive properties separate from the torque-producing properties, in two

distinct sub-systems, and inserting a dynamic control function between

them. The mechanical features of an equivalent Schuler pendulum are

shown in Fig. 4, and its functional properties in Fig. 5.

The specific force receiver indicates the resultant specific force acting

on the vertical indicator. When the vertical indicator is accelerated over

the Earth, this force is no longer aligned with gravity, which it is desired

to track. The specific force is along the apparent vertical, while gravity is

along the true vertical. Thus, vertical indication on an accelerated craft

presents the peculiar problem of tracking gravity by means of a device

that can actually track only the total specific force acting on the tracking

element.

When the dynamic control is an integrator, the vertical indicating system

performance is of second order and undamped, exhibiting forced dynamic

acceleration error. This error is a function of the natural period of the

pendulum. Schuler tuning involves proper control of this natural period.

Since the Schuler-tuned system thus described is undamped, it is subject

to unending oscillations, which may possibly even increase in magnitude

due to component imperfections. The necessary damping in a vertical

indicator is obtained by modifying the dynamic control function.

In the simplest case, the dynamic control function is a direct coupling,

and the performance is describable by a first-order differential equation.

This is the artificial horizon, which acts like a heavily over-damped

pendulum, and cannot be Schuler tuned. This vertical indicator is subject

to both velocity and acceleration (of the craft) forced dynamic errors.

The magnitude of the velocity error is determined by the strength of the

dynamic control function ; the stronger the coupling, the smaller the

velocity error. The acceleration error is independent of coupling strength,

once the forcing period exceeds a certain value, being approximately the

ratio of craft acceleration to gravity. This is the same error displayed by

any short-period pendulum, reflecting its tendency to track the apparent

vertical rather than the true vertical. The artificial horizon is a good

indicator of the vertical against roll, pitch and yaw, but becomes progres-

sively poorer as the periods associated with craft maneuvers lengthen.

Its performance, which for typical data is shown as Case (a) in Fig. 9,

is not suitable for inertial guidance.

If a bypass is added around the coupling integrator, the loop is damped,

and will settle to a steady state. However, the addition of the bypass, while

producing damping, also results in a forced dynamic error. The gravity,

i.e. tilt, component of the specific-force signal leads to the elastic term via

the integrator and to damping via the bypass. The acceleration component

leads to the inherent tracking aid via the integrator, but introduces an

unwanted superfluous term via the bypass. In this case, the forced dynamic
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system, which can be markedly improved by the addition of a lag network,

or low-pass filter. The immediate result of this more-elaborate coupling

scheme is a choice of two Schuler-tuning methods : the Earth-radius can

enter as a loop-gain parameter in either of two ways. In one case, the

acceleration error will be eliminated and the analogy with the Schuler

tuning of a physical pendulum is strong ; in the second case, the jerk

error is eliminated. This method is shown as Cases (dl) and (d2) in Fig. 9,
where it is seen that Case (dl) gives the best performance. It should be

noted that a Schuler-tuned vertical indicator always operates well into its

high-frequency regime, due to the long natural period associated with

Schuler tuning.

Case (dl) of Fig. 9, which gives the best performance, is analogous to

the "differentiated-tachometer-feedback" type of damping found to be so

effective with servo-mechanisms.

Schuler tuning in an equivalent pendulum can be derived from two

points of view, presented in Derivation Summary 2. From the first

viewpoint, the Schuler-tuning adjustment consists of adjusting a calibrated

dynamic lag into the system. From this viewpoint, the indicated vertical

dynamically lags the apparent vertical, which in turn geometrically leads

the true vertical. The apparent vertical is parallel to the direction the true

vertical will have at some time in the near future ; hence the term "lead".

Figure 8 illustrates this geometry. By Schuler calibration, the dynamic

lag can be matched to the geometrical lead. This means the indicated

vertical will effectively follow the true vertical. From the second point of

view, a calibrated tracking aid is made an inherent part of the system when

it is Schuler tuned. From this viewpoint, the acceleration input is an

inherent tracking-aid lead, which can be made to compensate the dynamic

lag that otherwise would exist between indicated and true verticals.

Schuler tuning involves proper use of this inherent lead factor. These

approaches are, of course, but two different views of a single problem,

that of rendering tangential accelerations of the vertical indicator on an

assumed spherical Earth helpful and necessary rather than disturbing.

The assumption of a spherical Earth has been used for simplicity of

presentation, and does not restrict the validity of Schuler tuning relative

to the actual Earth. In summation, gravity represents a direction and

acceleration represents the second angular rate of change of that direction.

They are inseparable dynamically as well as physically, and are properly

co-ordinated by Schuler tuning.

AZIMUTH INDICATION

The local co-ordinate frame in an inertial guidance system is determined

primarily by the direction of gravity. In order to make a complete deter-

mination of this frame it is also necessary that rotations about the gravity
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Derivation Summary 2. The Schuler tuning of a gravity tracker.

Schuler Tuning as a Calibrated Dynamic Lag

To show how Schuler tuning corresponds in its effects to a calibrated dynamic lag in a

vertical indicator, first define the correction to the indicaatl vertical with respect to the

apparent vertical [(C)Id(0 i) as the rotation that would have to be applied to the indicated

vertical to align it with the apparent vertical. Then

Eitif/]( Tv, x 1yc q(0,0 (2-1)

where

E unit vector along the indicated vertical [(c)v)10,„

	

q( — 	/vu a unit vector along the apparent vertical 0 ,0

sin I)

This is a vector angle; its rate of change with respect to the Earth is•

ip Ya](.,1)i E = ri(EV)a r(Ev)i
where

IT(EV)a -_, angular velocity of the apparent vertical relative to the Earth

(Ev = angular velocity of the indicated vertical relative to the Earth


From the vertical indicator loop, Fig. 2-1,••

/T(EV)t S(VD[f;;v1f., x P jr(EV)do

where

SO/D[f;W] strAf;e15(Int)(e;i) S(si )[ i;wl
= the vertical indicator sensitivity, the product of specific force receiver,

integrator and drive sensitivities

,S(sfo[f;eI = specific force receiver sensitivity

S = signal integrator sensitivity

SisIgt;,,,,]= space integrator sensitivity

Tis the total specific force along the apparent vertical; thus

f

	 VERTICAL INDICATING SYSTEM

SPECIFIC INDICATED VERTICAL

FORCE ANGULAR VELOCITY !INDICATED
SPECIFICSIGNAL SIGNAL COMMAND SIGNAL SPACE

I VERTICAL
FORCE

INTEGRATOR INTEGRATOR' ,
RECEIVER V

L _ _J
BASE ORIENTATION AND TOTAL SPECIFIC FORCE

Fig. 2-1. Single-axis vertical indicating  loop.

• Assuming that no rotation about the indicated vertical occurs, i.e., an azimuth control or compass

operates to stabilize the vertical indicator about the vertical.

•• Note that while the accelerometer actually responds to [( Ivi x x  Tvil, the drive is so oriented
relative to the accelerometer that it responds  to a function of 1vix [(Tv1x f) x Tvil which equals

(1-vix 7), as  given in the equation.

(2-2)


(2-3)

(2 - 4)
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Derivation Summary

Note that

so that from the foregoing,

[ 2

P

2. The Schuler

Tvi x 1=

S r f(1/14I;  ,'

tuning of a gravity tracker.

x Ï f (2-5)


k 2-6)[(QV]
(0,1)

= P

910, i)

(EV ) a
q(o,i)

This is the equation of motion for a sys em tracking the apparent vertical. Since the true verti-

cal is desired, it is necessary to investigate the geometrical relationships between the apparent

and true verticals. It is subsequently shown that, in the presence of accelerations, the apparent

vertical leads the true vertical, i.e., its direction is parallel to the direction the true vertical

will attain in the near future. The problem is to make the indicated vertical lag the apparent

vertical by the same angle that the apparent vertical leads the true vertical. Define this latter

angle ;4-11_0)as

- T x
— V t Va •it

[p'A(t-aliE i(EV)a j(EV)t

1-Vt RE

A(t-a) 

sin A (v..)

F_--angular velocity of true vertical relative to the Earth

gs

(EV)t

gravity

RE the (assumed constant magnitude) Earth-radius

The tangential acceleration of the vertical indicator* on the Earth is considered to be

W(EV)t
so that

	

= ÏVtg 01(EV)t X RE (2-10)

Note that the inertia reaction effect of an acceleration is opposite in direction to the accel-

eration. The cross product of kt into Eq. (2-10) gives i/v, x T. RE p IT(E \nt .  Substitution

of this into the derivative of Eq. (2-8) and rearrangement of terms gives

P  T(EN.) a = [P2  R f„ j/T(t - 0)
(2-11)

E  1(t , a)

If the correction to the indicated vertical relative to the apparent vertical, or angle by which

the indicated vertical lags the apparent vertical, is to equal the angle by which the apparent

vertical leads the true vertical, i.e., if

[(I/J t_ (2-12)

• For the  assumed condition of a spherical nonrotating Eanh (which simplifies the problem for
demonstrating the Schuler effect without restricting its validity) the tangential acceleration is the only
important acceleration term. The full equation is Eq. (1-3) in Derivation Summary 1.

and

where

(2-7)


(2-8)

(2-9)
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maintained by the space integrator, that is, by the gyro package and its

associated drives. The gyros receive no commands, and so are a direct

representation of inertial, or "fixed-star", space. The transition from

inertial space to the Earth reference space is via the innermost gimbal

drive, whose axis is then made as nearly parallel as possible to the Earth's

polar axis. This drive is a synchronous clock operating from sidereal time.

The indicated vertical is, by virtue of the vertical indicating system,

aligned with the true vertical within a dynamic error zone, because the

true vertical is the direction of gravity, which is a tracked quantity. The

integrators operate within closed loops, so their drift affects only the loop

dynamics. Only the gyro drifts are of an open-chain nature, and so could

possibly produce position inaccuracies that might increase with increasing

time of operation. Systems of this nature are best suited for high accuracies

over long periods of time.

Integration of Measured Angular Velocity

This method is illustrated geometrically in Fig. "1la and functionally, for

ACCELEROMETERS
GYROS

•
ACCELEROMETER AND


GYRO PACKAGE;

CONTROLLED MEMBER,


INNERMOST GIMBAL

•

I SOL ATION
GIMBALS

INDICATED VERTICAL

a/Line-schematic diagram associated with multipte•aos soperation

Fig. 11. Integrating the angular velocity of the indicated vertical to indicate position.
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— — — — — — - VERTICAL INDICATING SYSTEM — — — — — 7 INITIAL
POSI TI ON

SETTING

MEASURED

ACCELERATION

SPEC IC FORCEINTEGRATOR
RECE SER •AND DAMPING

REASURED VELOCITY
POSITION


INTEGRATOR

INDICATED
POSITION

INDICATED
VERTICAL

SPACE

INTEGRATOR

NON-FIELD FORCES • SPECIFIC FORCE RECEIVER ANC
INTEGRATOR MAY BE COMBINED INTO
A SINGLE UNIT.

EARTH RATE COMPENSATION NOTE THAT ONLY SINGLE-AXIS OPERA-
TION IS SHOWN.

VI Fanctionor Aogrom  So ngIe-ono operation

Fig. 11. Integrating the ongulor velocity of the indicated vertical to indicate position.

a single axis only, in Fig. 11b, where the vertical indicating loop in Fig. 2-1
of Derivation Summary 2 has been "bent" to show the space-integrator
input as the desired output for this situation. In this case, the specific
force receiver package is mounted rigidly with the gyro package. The
space-integrator action ensures that the angular velocity of the indicated
vertical relative to inertial space will be proportional to the total input
signal to the space integrator ; or, conversely, that the input signal will be
a measure of the ground speed of the craft—when corrected for the signal
component required to keep the vertical up to the daily rotation of the
Earth. Position measurement is subject to drifts due to position-integrator
drift, inaccuracy in applying the required Earth-rate component signal
to the space integrator, and to gyro drift. Such systems are most suited
to small-space and short-operating-time requirements, and where lower
accuracy is allowable. In this system, the inertial reference appears as a
constant of integration, i.e. a signal, due to the gyro's precession relative
to inertial space under the action of a command. The physical inertial
reference is "left behind", not carried with the system.

Double Integration of Measured Acceleration

This method is illustrated geometrically in Fig. 1 1 a and functionally,
for a single axis only, in Fig. 12, where the vertical indicating loop in
Fig. 2-1 of Derivation Summary 2 has been "bent" to show the specific
force receiver output as the desired output for this situation. It is geo-
metrically identical to the measured-ground-speed system above. It
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COMMAND ANGLE INPUT
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INTERFERENCE




TORQUE INPUT




0.01




0.001





(CTR)1n, (CT)(RP)R 1
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RP —.T(n)(cm)




(CT)(RP)R — 0.113




0.00001




0.01 0.1 1.0 10 100

	

FREQUENCY RATIO FR - 	 - n1
W(a)(cm) "(a)(cm)

Fig. 15. Magnitude of frequency functions for a typical controlled member geometrical


stabilization system.

tO a higher frequency than the frequency at which the interference
response begins to drop off from its low-frequency level.

2. In any practical system, the reference level for this low-frequency
response is several orders of magnitude down from unity. In order
to simplify the plot, this reference is not shown at its actual position.
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